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Abstract: It was recently shown that Strong Cosmic Censorship might be violated for
near-extremally-charged black holes in 4-dimensional de Sitter space under scalar pertur-
bations. Here, we extend the study of neutral massless scalar perturbations in higher
dimensions and discuss the dimensional influence on the validity of Strong Cosmic Censor-
ship hypothesis. By giving an elaborate description of neutral massless scalar perturbations
of Reissner-Nordström-de Sitter black holes in d = 4, 5 and 6 dimensions we conclude that
Strong Cosmic Censorship is violated near extremality.
ar
X
iv
:1
90
2.
01
86
5v
2 
 [g
r-q
c] 
 1 
Ap
r 2
01
9
Contents
1 Introduction 1
2 Scalar fields in higher-dimensional RNdS spacetime 2
3 Dominant families of modes in higher-dimensional RNdS spacetime 4
4 Strong Cosmic Censorship in higher-dimensional RNdS spacetime 5
5 Conclusions and Discussions 6
A The definition of β in higher-dimensional spherically symmetric space-
times 8
B WKB approximation of the dominant photon sphere modes 10
C Approximation of the dominant near-extremal modes 11
1 Introduction
It is well known that the would-be Cauchy horizon (CH) in asymptotically flat black holes
(BHs) is a singular boundary [1–3]. The remnant fields of gravitational collapse have an
inverse power-law decay behavior in the exterior of asymptotically flat BHs [4, 5], and
will be amplified when propagating along the CH due to the exponential blueshift effect
occurring there. The gravitational collapse of matter fields cannot go beyond the CH to the
timelike singularity in the eternal asymptotically flat BH, leading to the preservation of the
deterministic power of physical laws and the Strong Cosmic Censorship (SCC) hypothesis,
proposed by Penrose.
However, for de Sitter (dS) BH spacetimes, due to the change of the boundary con-
ditions, remnant perturbation fields outside de Sitter BHs decay exponentially instead of
polynomially [6–10]. The extendibility of the metric at the CH depends delicately on the
competition between the exponential decay outside the BH and the exponential blueshift
amplification along the CH. In such a scenario, the decay of perturbations could be fast
enough such that the CH singularity can be so weak that the spacetime metric will be ex-
tendible beyond it as a weak solution to the Einstein field equations [11], meaning that SCC
may be violated! Mathematically, it was proven [12–20] that SCC will not be respected
under massless neutral scalar perturbations if the following condition is satisfied
β ≡ − Im(ω)
κ−
>
1
2
, (1.1)
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where κ− is the surface gravity of the CH and Im(ω) is the imaginary part of the lowest-
lying/dominant quasinormal mode (QNM) of the perturbation in the external region of the
BH.
In particular, for near-extremal Reissner-Nordstrom-de Sitter (RNdS) BHs, it was
shown [20] that neutral massless scalar perturbations are extendible past the CH, since
the blueshift amplification along the CH is dwarfed by the exponential decay behavior out-
side of the dS BH. Such a violation of SCC becomes even more severe in the case of the
coupled electromagnetic and gravitational perturbations [21]. Later on, it was shown that
the violation of SCC can be alleviated by considering a sufficiently charged scalar field on
the exterior of RNdS BHs [22–25], although there was still a region in the parameter space
where SCC may be violated. Similar results have been obtained for Dirac field perturba-
tions [26, 27]. On the other hand, the nonlinear evolution of massive neutral scalar fields
in RNdS space revealed that SCC might not be saved by such nonlinear effects [28]. In
addition, by investigating SCC in lukewarm RNdS and Martnez-Troncoso-Zanelli (MTZ)
BH spacetimes, under non-minimally coupled massive scalar perturbations, it was demon-
strated that the validity of the hypothesis depends on the characteristics of the scalar field
[29]. Besides charged BHs, SCC has been examined in Kerr-de Sitter BH backgrounds and
interestingly enough no violation was found for linear scalar and gravitational perturbations
[30].
All available studies of SCC in RNdS BH backgrounds are limited in 4 dimensions even
though it has been found that in higher dimensions, physics becomes richer. In contrast
to the 4-dimensional results, various instabilities have been found in higher-dimensional
spacetimes. In a wide class of d ≥ 4 configurations, such as black strings and black branes,
the Gregory-Laflamme instability against linear perturbations was discussed in [31, 32]. For
higher-dimensional BHs in the Einstein-Gauss-Bonnet theory, it was found that instabilities
occur for large angular quantum numbers l, while the lowest lying QNMs of the first few
angular quantum numbers were found stable [33, 34]. In particular, numerical investigations
have uncovered the surprising result that RNdS BH backgrounds are unstable for d ≥ 7,
if the values of black hole mass and charge are large enough [35], followed by the analytic
confirmation of [36]. Moreover, it was argued that the Weak Cosmic Censorship hypothesis
could be restored easier in higher dimensions [37] by examining the gravitational collapse
of spherically symmetric generalized Vaidya spacetimes. It is, thus, of great interest to
generalize the discussion of SCC to higher-dimensional RNdS BHs and explore whether
and how they affect the validity of the conjecture.
2 Scalar fields in higher-dimensional RNdS spacetime
The d-dimensional RNdS spacetime is described by the metric [38]
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dΩ2d−2, (2.1)
where
f(r) = 1− m
rd−3
+
q2
r2(d−3)
− 2Λ
(d− 2)(d− 1)r
2, (2.2)
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and
Λ =
(d− 2)(d− 1)
2L2
, dΩ2d−2 = dχ
2
2 +
d−2∏
i=2
sin2 χi dχ
2
i+1, (2.3)
in which q and m are related to the electric charge Q and the ADM mass M of the BH,
and L is the cosmological radius. M and Q are expressed as
M =
d− 2
16pi
ωd−2m, Q =
√
2(d− 2)(d− 3)
8pi
ωd−2q, ωd =
2pi
d+1
2
Γ(d+12 )
, (2.4)
with ωd being the volume of the unit d-sphere. The causal structure of a sub-extremal d-
dimensional BH described by (2.2) admits three distinct horizons, where r− < r+ < rc are
the Cauchy, event and cosmological horizon radius, respectively. We denote the extremal
electric charge of the BH as Qmax at which the CH and event horizon coincide. The
maximal cosmological constant is denoted as Λmax for each dimension,1 meaning that if
Λ > Λmax holds then the spacetime would admit at most one horizon with positive radius,
thus rendering our discussion irrelevant. To ensure the existence of three distinct horizons,
the cosmological constant must be restricted to Λ < Λmax. The surface gravity of each
horizon is then
κh =
1
2
|f ′(rh)| , h ∈ {−,+, c}. (2.5)
The propagation of a neutral massless scalar field ψ on a fixed d-dimensional RNdS
background is described by the Klein-Gordon equation [39]. By expanding our field in terms
of spherical harmonics
ψ =
∑
lm
e−iωt
φ(r)
r
d−2
2
Ylm(χ), (2.6)
we end up with the master equation
d2φ(r)
dr2∗
+ (ω2 − Veff)φ(r) = 0, (2.7)
where
Veff = f(r)
(
l(d+ l − 3)
r2
+
(d− 2)f ′(r)
2r
+
f(r)(d− 4)(d− 2)
4r2
)
, (2.8)
and dr∗ = drf(r) the tortoise coordinate. By imposing the boundary conditions
φ(r → r+) ∼ e−iωr∗ , φ(r → rc) ∼ eiωr∗ , (2.9)
we select a discrete set of quasinormal frequencies called QNMs. Due to the similarity of
characteristics of (2.8) and the effective potential for odd (Regge-Wheeler [40]) and even
(Zerilli [41, 42]) gravitational perturbations, the study of massless neutral scalar fields
propagating on spherically symmetric backgrounds is a good proxy for more physically
relevant gravitational field perturbations.
1e.g. for d = 4, Λmax = 2/9, for d = 5, Λmax = 3pi/4 and for d = 6, Λmax =
(
648pi2/25
) 1
3 provided that
the black hole mass is set to M = 1.
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As shown in Appendix A, for d ≥ 4 the stability of the CH continues to be determined
by (1.1). The results shown in the following sections were obtained with the Mathematica
package of [43], the asymptotic iteration method (AIM) [44, 45], and checked in various cases
with a Wentzel-Kramers-Brillouin (WKB) approximation [46] and with a code developed
based on the matrix method [47].
3 Dominant families of modes in higher-dimensional RNdS spacetime
According to [20], the region of interest in 4-dimensional RNdS, where violation of SCC
may occur, lies close to extremality. There, the decay rate of perturbations in the exterior
becomes comparable with the surface gravity of the CH κ− leading to β > 1/2. We
accumulate this result and scan the parameter space of higher-dimensional RNdS spacetimes
for near-extremal parameters. By applying our numerics in the region of interest we discover
three distinct families of modes.
The photon sphere (PS) is a spherical trapping region of space where gravity is strong
enough that photons are forced to travel in unstable circular orbits around a BH. This
region has a strong pull in the control of decay of perturbations and the QNMs with large
frequencies. For instance, the decay timescale is related to the instability timescale of
null geodesics near the photon sphere. For asymptotically dS BHs, we find a family that
can be traced back to the photon sphere and refer to them as PS modes. The dominant
modes of this family are approached in the eikonal limit, where l→∞, and can be very well
approximated with the WKB method (see Appendix B). For vanishing Λ, Q they asymptote
to the Schwarzschild BH QNMs in d ≥ 4 dimensions. We find that l = 10 provides a good
approximation of the imaginary parts of the dominant modes which we depict in our plots
with solid blue lines.
Our second family of modes, the BH de-Sitter (dS) family, corresponds to purely imag-
inary modes which can be very well approximated by the pure d-dimensional scalar dS
QNMs [10, 48]:
ωpure dS/κ
dS
c = −i(l + 2n), (3.1)
ωpure dS/κ
dS
c = −i(l + 2n+ d− 1). (3.2)
The dominant mode of this family (n = 0, l = 1) is almost identical to (3.1) which we
denote in our figures with red dashed lines. These modes are intriguing, in the sense that
they have a surprisingly weak dependence on the BH charge and seem to be described
by the surface gravity of d-dimensional dS κdSc =
√
2Λ/(d− 2)(d− 1) of the cosmological
horizon of pure d-dimensional dS space, as opposed to that of the cosmological horizon in
the RNdS BH under consideration.
Finally, as the CH approaches the event horizon, a new family of modes appears to
dominate the dynamics. In the extremal limit of a d-dimensional RNdS BH the dominant
(n = l = 0) mode of this family approaches (see Appendix C)
ωNE = −iκ− = −iκ+, (3.3)
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where κ−, κ+ the surface gravity of the Cauchy and event horizon in d-dimensional RNdS
spacetime. We call this family the near-extremal (NE) family of modes. Higher angular
numbers l admit larger (in absolute value) imaginary parts, thus rendered subdominant. In
the asymptotically flat case, these modes seem to have been described analytically in the
eikonal limit [49].
4 Strong Cosmic Censorship in higher-dimensional RNdS spacetime
In Fig. 1 we depict the dominant modes of each of the previous families versus κ−. We have
chosen d = 4, 5, and 6-dimensional near-extremal RNdS BHs with various Λ/Λmax. It is
evident that for sufficiently "small" BHs2 (very small Λ/Λmax), the increment of dimensions
fortifies SCC for a larger region of the parameter space of Q/Qmax. On the other hand,
for sufficiently "large" BHs (large Λ/Λmax), the increment of dimensions work against the
validity of SCC admitting violations for smaller Q/Qmax. To deepen into the understanding
of this complex situation we denote the degree of difficulty of SCC violation with d4 for
d = 4, d5 for d = 5 and d6 for d = 6. For example, for the case of Λ/Λmax = 0.05, the degree
of difficulty of SCC violation follows d6 > d5 > d4, meaning that 6-dimensional RNdS BHs
require the highest BH charge to be violated. The second hardest BH to be violated is the
5-dimensional and, finally, the easiest to be violated is the 4-dimensional.
In the "intermediate" region, where Λ/Λmax is neither too small nor too large, the
picture becomes obscured by the delicate interplay of the QNMs of the dominant PS and
dS family. To that end, we have depicted two interesting cases. In the first case, for
Λ/Λmax = 0.15, the degree of difficulty to violate SCC follows d6 > d4 > d5, while in the
second case for Λ/Λmax = 0.25 we have d4 > d6 > d5. This perplex picture appears due
to the opposite behavior that the dominant PS and dS family possess. As shown in Fig.
1, higher dimensions oblige βPS, as it gets determined by the dominant modes of the PS
family (l = 10), to move upwards in the plots, thus becoming subdominant, while βdS, as
it gets determined by the dominant modes of the dS family (l = 1), moves downwards.
On the other hand, the increment of Λ/Λmax has the opposite effect on these families as
expected by [20]. It is easy to realize (see the pattern in Fig. 1) that the inclusion of even
higher than 6 dimensions will make the picture of "intermediate" and "large" BHs even
richer and much more perplex3. The only solid case is the one for "small" BHs. There,
β is essentially (for the largest part of the parameter space) determined by the dominant
modes of the dS family which will become even more dominant for increasing dimensions
if no new families or instabilities occur in d > 6 dimensions.4
2Usually we take r+/rc to measure the size of small/big black hole, but in our discussion we compare
black holes in different dimensions by fixing Λ/Λmax which has some connection with the size of black holes.
It turns out that the value of r+/rc would be notably influenced by Q/Qmax. On the other hand, if Q/Qmax
is fixed, one can find that the difference between rc and r+ would increase with the decrease of Λ/Λmax. For
these reasons, the "small/large" black holes in this paper are only referred to black holes with small/large
Λ/Λmax.
3E.g. for Λ/Λmax = 0.4 we can see that if d = 7 or 8 where to be included, then the dS family would
eventually dominate for such dimensions, thus changing the picture into a richer version of Λ/Λmax = 0.15
or 0.25.
4It is natural to question whether more slowly decaying modes might appear in the dimensions considered.
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To distinguish between "small", "intermediate" and "large" BHs, we scan thoroughly
the parameter space of d = 4, 5 and 6-dimensional RNdS BHs to find critical values of
Λ/Λmax where different violation configurations are introduced. We find 3 critical values
which divide the range of 0 < Λ/Λmax ≤ 1 into 4 regions. In Table 1, we summarize
the division of our parameter space into the regions of interest and display the degree of
difficulty of SCC violation at each region. We realize that region I corresponds to "large"
BHs, regions II and III correspond to "intermediate" BHs and, finally, region IV corresponds
to "small" BHs. These regions can be directly seen in Fig. 1 and arise due to the existence
and competition between the dominant PS and dS family, as discussed above.
parameter regions degree of difficulty of SCC violation
I. Λ/Λmax & 0.279 d4 > d5 > d6
II. 0.179 . Λ/Λmax . 0.279 d4 > d6 > d5
III. 0.135 . Λ/Λmax . 0.179 d6 > d4 > d5
IV. Λ/Λmax . 0.135 d6 > d5 > d4
Table 1. Comparison of Λ/Λmax with respect to the degree of difficulty of SCC violation in d = 4, 5
and 6-dimensional RNdS BHs.
In any case, we clearly see that β > 1/2 above some value of the BH charge, no matter
the choice of the cosmological constant. This leads to CHs which upon scalar perturbations
maintain enough regularity for the scalar field (and thus the metric) to be extendible past
it, resulting to a potential violation of SCC. Moreover, if it was up to the PS and dS family,
β would always diverge at extremality. However, the dominant modes of the NE family
(l = n = 0) will always take over to keep β below 1.
5 Conclusions and Discussions
The studies of [16, 17, 19] indicate that the stability of the CH in asymptotically dS space-
times is governed by β defined in (1.1). Subsequently, the results of [20] indicate a potential
failure of determinism in General Relativity when near-extremal 4-dimensional RNdS BHs
are considered. Under massless neutral scalar perturbations, the CH might seem singular,
due to the blow-up of curvature components, but maintain enough regularity as to allow
the field equations to be extended beyond a region where the evolution of gravitation is
classically determined in a highly non-unique manner.
Here, we extend our study to higher-dimensional RNdS BHs and find that the same
picture occurs when scalar fields are considered. We have proven that (1.1) remains un-
changed for d-dimensions. By inferring to d = 4, 5 and 6-dimensional RNdS BHs we realize
that the introduction of higher dimensions will fortify SCC for sufficiently "small" BHs
(Λ/Λmax . 0.135), by the introduction of higher BH charges beyond which β > 1/2. More-
over, we observe that "intermediate" and "large" BHs (Λ/Λmax & 0.135) possess a much
For this purpose, we have used calculations of very high accuracy to rule out the possibility of lost dominant
modes. This means that, if more families do exist, they should be subdominant thus are irrelevant for SCC.
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Figure 1. Dominant modes of different families, showing the (nearly) dominant complex PS mode
(blue, solid) at l = 10, the dominant BH dS mode (red, dashed) at l = 1 and the dominant NE
mode (green, dashed) at l = 0 for d = 4, 5 and 6-dimensional RNdS spacetime with M = 1. The
two dashed vertical lines designate the points where β = −Im(ω)/κ− = 1/2 and where the NE
mode becomes dominant. The dS family in the final row of plots is too subdominant, thus lying
outside of the region of interest.
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more complex picture with some dimensions being preferred over others to fortify SCC.
This perplexity arises due to the delicate competition of the PS and dS family of modes.
Even though for "large" BHs we see that the preferred dimension to fortify SCC, with
higher Q/Qmax beyond which β > 1/2, is d = 4, we understand that the introduction of
even higher than 6 dimensions will eventually change the picture due to the behavior of the
dS family demonstrated in Fig. 1, if no instabilities occur in our region of interest [35].
In any case, we can always find a region in the parameter space of the higher-dimensional
RNdS BHs in study for which β exceeds 1/2, but still not exceeding unity5. This still leaves
as with CHs which upon perturbations might seem singular, due to the blow-up of curva-
ture components, but that doesn’t imply the breakdown of Einstein’s field equations [50]
nor the destruction of macroscopic observers [51] at the CH.
It is important to mention that SCC in higher-dimensional RNdS spacetime was also
discussed in [52], with a wishful premise that the large l mode always dominates, i.e., the
value of β always decreases monotonously with the increase of angular number l. However,
this is not the case, as we have seen in Fig. 1, due to the existence of three different families
of modes. In fact, the existence of more families highly affects β according to the choice of
our cosmological constant and the dimensions of our spacetime, thus rendering the study
in [52] incomplete.
Note added: An updated version of [52] was published recently. In the new modified
version, their improved results are in agreement with ours, thus confirming our findings.
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A The definition of β in higher-dimensional spherically symmetric space-
times
In [23, 27] a justification of searching for β > 1/2 was provided, leading to potential violation
of SCC in 4-dimensional RNdS BHs under charged scalar and fermionic perturbations. Here,
we prove that the same holds for neutral massless scalar perturbations in d-dimensional
RNdS spacetime. To determine the regularity of the metric up to the CH we study the
5β > 1 would correspond to extensions of the scalar field in C1 at the CH, thus the coupling to gravity
should lead to the existence of solutions with bounded curvature.
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regularity of QNMs at the CH. To do so, we change to outgoing Eddington-Finkelstein
coordinates which are regular there. The outgoing Eddington-Finkelstein coordinates are
obtained by replacing t with u = t− r∗ in (2.1) to get
ds2 = −f(r)du2 − 2dudr + r2dΩ2d−2. (A.1)
By expanding the Klein-Gordon equation
2ψ = 0, (A.2)
we get Pψ = 0 where the operator P reads
Pψ = −2∂u∂rψ − d− 2
r
∂uψ +
1
rd−2
∂r
(
frd−2∂rψ
)
+
∆Ωd−2
rd−2
ψ, (A.3)
where ∆Ωd−2 the Laplace-Beltrami operator [39]. By acting on mode solutions of the form
ψ ∼ e−iωuφ we obtain
fPψ = 2iωf∂rφ+
iω(d− 2)
rd−2
fφ+
1
rd−2
f∂r
(
frd−2∂rφ
)
+
∆Ωd−2
rd−2
fφ. (A.4)
It can be shown that the mode solutions of (A.4) are conormal at r = r−, meaning that
they grow at the same rate |r− r−|λ. Thus, if φ ∼ |r− r−|λ then the second and last term
have higher regularity than the rest, since f ∼ |r− r−| near the CH. This means that these
terms can be neglected, which leads to a regular-singular ordinary differential equation near
r = r− of the form P˜ φ = fPφ = 0 with the operator
P˜ = 2iωf∂r + (f∂r)
2 . (A.5)
It is convenient to use f as a radial coordinate instead of r, so ∂r = f ′∂f = f ′(r−)∂f near the
CH modulo irrelevant terms. Moreover, the surface gravity at the CH is κ− = −f ′(r−)/2
so f∂r = −2κ−(f∂f ). Thus, (A.5) becomes
P˜
4κ2−
= (f∂f )
2 − iω
κ−
(f∂f ) = f∂f
(
f∂f − iω
κ−
)
. (A.6)
It remains to calculate the allowed growth rates λ, i.e. indicial roots of the differential
operator (A.6). Acting with |f |λ we get
P
4κ2−
|f |λ = λ
(
λ− iω
κ−
)
|f |λ. (A.7)
The indicial roots are the roots of the quadratic polynomial (A.7), namely
λ1 = 0, λ2 =
iω
κ−
. (A.8)
The root λ1 = 0 corresponds to mode solutions which are approximately constant, i.e.
remain smooth at the CH and are irrelevant for SCC, while λ2 corresponds to asymptotics
|f |λ2 ∼ |r − r−|
iω
κ− . (A.9)
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If we consider QNMs of the form ω = ωR − iωI then
|f |λ2 ∼ |r − r−|
ωI
κ− |r − r−|
iωR
κ− . (A.10)
The second factor is purely oscillatory, so the only relevant factor for SCC is |r − r−|
α
κ−
with α := −Im(ω) the spectral gap defined in [20]. This function lies in the Sobolev space
Hs for all s < 12 +
α
κ− .
Since we are considering scalar fields, we require locally square integrable gradient of
the scalar field at the CH6, i.e., the mode solutions should belong to the Sobolev space H1loc
for the Einstein’s field equations to be satisfied weakly at the CH. This justifies our search
for β = −Im(ω)/κ− > 1/2.
B WKB approximation of the dominant photon sphere modes
The WKB method can provide accurate approximation of QNMs in the eikonal limit. The
QNMs of BHs in the eikonical limit under massless scalar perturbations are related to the
Lyapunov exponent λ of the null unstable geodesic, which is inversely-proportional to the
instability timescale associated with the geodesic motion of null particles near the photon
sphere. For d-dimensions we have [53]
ωWKB = l
√
f(rs)
r2s
− i
(
n+
1
2
)√
−1
2
r2s
f(rs)
(
d2
dr2∗
f(r)
r2
)
rs
= Ωcl − i
(
n+
1
2
)
|λ| ,
(B.1)
where rs is the radius of the null circular geodesic, and Ωc the coordinate angular velocity of
the geodesic. By focusing on the modes with overtone number n = 0, we have β = |λ| /2κ−
for the dominant PS modes at the eikonical limit.
βPS d = 4 d = 5 d = 6
βWKB (l→∞) 0.328192 0.687518 0.775677
βAIM (l = 10) 0.328304 0.689089 0.778164
βspectral (l = 10) 0.328304 0.689089 0.778164
Table 2. Comparison of βPS obtained with WKB, AIM and a spectral method for a RNdS BH
with M = 1
3
√
2
, Λ = 3 and Q/Qmax = 0.992.
In Table 2, we compare the value of β obtained by AIM and the spectral method [43] at
l = 10 and the value evaluated by the WKB method at large l for the same BH parameters.
We observe that the difference between βWKB, βspectral and βAIM is very small, meaning
that the choice of l = 10 in our numerics can be regarded as a good approximation of βWKB
of the dominant PS modes at the large l limit.
6The energy-momentum tensor for scalar fields is Tµν ∼ ∂µψ∂νψ which with proper manipulation can
be bounded by squares of the gradient of ψ.
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C Approximation of the dominant near-extremal modes
In [54] it has been proven that long-lived modes (or quasi-bound states) can be supported
by a 4-dimensional near-extremal RN BH. In [20] it was realized that this family of modes
exist in near-extremal RNdS BHs and is weakly dependent on the choice of Λ. Particularly,
for neutral massless scalar fields, these modes can be very well approximated as
ωd=4,NE = −i(l + n+ 1)κ− = −i(l + n+ 1)κ+ (C.1)
when r− = r+. Motivated by this result, we realize that for any dimension the dominant
NE modes should be approximated by Eq. (3.3). For the sake of proving the validity of our
approximate results, in Table 3 we show various dominant NE modes extracted from our
spectral code versus the approximate Eq. (3.3). Higher overtones and angular numbers are
not approximated by (3.3) anymore, but in any case, they are subdominant, thus they do
not play any role for SCC.
βNE d = 4 d = 5 d = 6
βapprox 1 1 1
βspectral (l = n = 0) 0.996 0.997 0.999
Table 3. Comparison of βapprox derived from (3.3) versus βspectral obtained with a spectral method
for a d-dimensional RNdS BH with M = 1, Λ = 0.1 and Q/Qmax = 0.999999.
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